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(a) Define an open sphere and a closed

sphere in a metric space.

5/11

2. (a) Define limit point of a set in a metric space.

Show that a subset A is closed if and only

if A contains all of its limit points.

A

A 

(b) Define a complete metric space. Prove

that if X be a complete metric space, then

a subspace Y of x is complete if and only

if it is closed.

X 

Y 

3. (a) Prove that if a function f(x) is bounded

and integrable-R in [a,b], then |f(x)| is

also integrate-R in [a,b].

f(x) [a,b]

ØelÙeskeâ FkeâeF& mes ØeMve Ûegveles ngS, kegâue ØeMveeW keâes

nue keâerefpeS~ ØeMve nw~

Yeeie nue keâerefpeS :

efkeâmeer otjerkeâ meceef° ceW Skeâ efJeJe=le ieesues       Skeâ mebJe=òe

ieesues keâes heefjYeeef<ele keâerefpeS~

efkeâmeer otjerkeâ meceef° ceW efkeâmeer mecegÛÛeÙe kesâ meercee efyevog

keâes heefjYeeef<ele keâerefpeS~ oMee&FS efkeâ keâesF& mecegÛÛeÙe 

mebJe=le  nw Ùeefo Deewj kesâJeue Ùeefo ceW Gmekesâ meYeer meercee

efyevog meceeefnle nw~

efkeâmeer hetCe& otjerkeâ meceef° keâes heefjYeeef<ele keâerefpeS~ efmeæ

keâerefpeS efkeâ Ùeefo Skeâ hetCe& otjerkeâ meceef° nes, lees Gmekeâer

Ghemeceef° Yeer Skeâ hetCe& otjerkeâ meceef° nesieer Ùeefo Deewj

kesâJeue Ùeefo Jen mebJe=le nes~

efmeæ keâerefpeS efkeâ Ùeefo keâesF& Heâueve  Devlejeue 

Skeâ heeBÛe 

meb. 1 DeefveJeeÙe& 

meYeer 

FkeâeF&

(4)

S-677 P.T.O.



(b) Define Dirichlet's test for alternating se-

ries and show that the series 
2n nlog

nsin
 is

convergent.

2n nlog

nsin

(c) Find the radius of convergence of the fol-

lowing power series.

n
2

x
)!n(

)!n2(

(d) Test the convergence of the following im-

proper integral.

dx
)xa(

x

1
233

3

(e) Show that an even function can have no

sine terms in its Fourier expansion.

(f) Find all values of z such that 3i1ez .

z 3i1ez

(g) Show that the following function is ana-

lytic everywhere :

ex (cos y + i sin y)

(h) Prove that :

idzz
C

C is the upper half of circle |z|=1 from

z=–1 to z = 1.

C |z|=1 z=–1 z = 1 

(i) Find the residue of the following function

at z= 0 :

z= 0 

4

z

z

e
)(f

(j) Find the fixed points of the following trans-

formation :

1z
4z3

w

∑
∞

=

∑
∞

=

∑

∫
∞

+

+=

+=

π−=∫

=τ

−
+

=

SkeâevlejCe ßesCeer Jeeueer ef[efjÛeuesš pee BÛe keâes    fjYeeef<ele

keâerefpeS leLee efmeæ keâerefpeS efkeâ ßesCeer  DeefYemeejer

nw~

efvecve Ieele ßesCeer keâer DeefYemeefjle ef$epÙee %eele keâerefpeS :

efvecve DevegefÛele meceekeâue keâer Dee fYemeeefjlee keâe hejer#eCe
keâere fpeS :

oMee&FS efkeâ efkeâmeer mece Heâueve keâer HeâesefjÙej ßesCeer ceW keâesF&

pÙee hej veneR neslee nw~

kesâ meYeer ceeve %eele keâerefpeS peye efkeâ  nw~

oMee&FS efkeâ efvecve Heâueve meJe&$e JewMuesef<ekeâ nw :

efmeæ keâerefpeS : 

peneB Je=le keâe mes lekeâ keâe

Thejer DeeOee Yeeie nw~

efvecve Heâueve keâe hej DeJeMes<e %eele keâerefpeS :

efvecve ¤heevlejCe kesâ DeheefjJele&veerÙe efyevog %eele keâerefpeS :

(2) (3)
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ceW heefjyeæ SJeb jerceeve-meceekeâueveerÙe nes lees  Yeer

 ceW jerceeve-meceekeâueveerÙe nesiee~

Heâueve  kesâ GÛÛe Deewj efvecve jerceeve-meceekeâueveeW keâer

ieCevee Devlejeue  ceW keâerefpeS  :

(heefjcesÙe)

(DeheefjcesÙe)

efkeâmeer Deveg›eâce kesâ Skeâ meceeve-DeefYemejCe keâes heefjYeeef<ele

keâerefpeS~ oMee&FS efkeâ efvecve Deveg›eâce, hej Skeâ meceeve

DeefYemeefjle  veneR nw :

nw :

efvecve Heâueve keâe ueejewve ßesCeer ceW efJemleej keâerefpeS, pees
kesâ efueS heg° nw :

efkeâmeer JewMuesef<ekeâ Heâueve kesâ efueS MetvÙekeâ       heefjYeeef<ele
keâerefpeS leLee efmeæ keâerefpeS efkeâ Jes efJeÙegòeâ nesles nQ~

keâe@Meer kesâ DeJeMes<e ØecesÙe keâe keâLeve keâerefpeS SJeb efmeæ

keâere fpeS~

oMee&FS efkeâ :

|f(x)|

[a,b]

(b) Calculate the value of upper and lower

Riemann integrals for f(x) in the interval

[0,1] :

f(x)

[0,1]

2x1)x(f ,  x rational 

       = 1 – x   , x irrational 

5/11

4. (a) Define uniform convergence of a sequence

of function. Show that the following se-

quence is not uniformly convergent on R :

R 

22n
xn1

nx
)x(f

(b) Show by giving sufficient reasons for any

x :

dz
2/z
z3sin

C

5/12

8. (a) Expand in Laurent Series valid for 1<|z|<3

the following function :

1<|z|<3 

)3z()1z(
1

)z(f

(b) Define the zeros of an analytic function

and prove that they are isolated.

9. (a) State and prove Cauchy's residue theo-

rem.

(b) Show that :  

6
dx

)4x()1x(

x

0
22

2

−=
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∞
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heÙee&hle keâejCeeW keâes osles ngS oMee&FS efkeâ ØelÙ  keâ kesâ efueS -

efmeæ keâerefpeS efkeâ :

  

efmeæ keâerefpeS efkeâ cetue efyevog hej Heâueve keâe :

   

meefcceße Ûej kesâ JewMuesef<ekeâ Heâueve keâer heefjYee<ee oerefpeS~

Ùeefo  Skeâ #es$e ceW JewMuesef<ekeâ

nw, lees oMee&FS efkeâ ØelÙeskeâ efyevog hej :

ØeejefcYekeâ ¤heevlejCe keâes hee fjYeeef<ele keâe re fp eS~ e fvecve
¤heevlejCe keâe ØeÙee sie keâjles n gS leue kesâ #e s$e pees

jsKeeDeeW  Éeje mecyeæ nw
leue ceW Øeefleefyebefyele keâerefpeS Ùeefo :

Ùeefo Heâueve  Skeâ mejue mebJe=le keâvštj kesâ Devoj

Deewj Gmekesâ Thej JewMuesef<ekeâ nes Deewj kesâ Devoj keâesF&

efyevog nes lees efmeæ keâerefpeS :

efvecve keâe ceeve %eele keâerefpeS peneB Skeâ Je=òe 

x 

2221n231n )nx1(n

1
x2–

)nx1(n

1
dx
d

5. (a) Prove that :

a
b

sindeccos
sinba
sinba

log 1–
2/

0
 (a > b)

(b) Prove that fyxfxy  at the origin for the

following function :

fyxfxy

0y,0x,
y

x
tany

x

y
tanx)y,x(f 1–21–2

=0 else where

5/11

6. (a) Define an analytic function of a complex

variable.

If f(z)= u(x,y)+iv(x,y) is analytic in a do-

main D, then show that at each point

z = x+iy in D :

f(z)= u(x,y)+iv(x,y) D 

z = x+iy 

y
v

x
u

, x
v

y
u

(b) Define elementary transformation. Deter-

mine the region in w-plane of the area of

z-plane bounded by the lines x=0, y=0,

x=1, y=2 mapped under the transforma-

tion given below :

z-

x=0, y=0, x=1, y=2 

w-

w = z + (2 – i)

7. (a) If f(z) is an analytic function within a closed

contour c and z
0
 is any point within c,

prove the following :

f(z) c 

c z
0 

dz
zz
)z(f

2
1

)z(f
C 0

0 i

(b) Evaluate the following if c is a circle |z|=5.

c |z|=5

+
∑=









+
∑

∞

=

∞

=
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