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Attempt  questions in all, selecting 

question from each unit. Question 

is .

1. (a) Show that the normalizer N(a) of the el-

ement 'a' of a group G is subgroup of G.

G a 

N(a) G 

(j) If f( , ) is a symmetric bilinear form and

q( ) = f( , ) then prove that

q(  + ) – q(  – ) = 4 f(  , ).

f( , )

q( ) = f( , ) q(  + ) –

q(  – ) = 4 f(  , )
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2. (a) Prove that the set of all automorphisms

of a group forms a group.

(b) State and prove Sylow's Second Theo-

rem.

3. (a) Prove that the centre Z of a group is a

normal subgroup of G.

G Z

G 

(b) If p is a prime number and p divides D(G),

the order of the group G, then prove that

G has an element of order p.

ØelÙeskeâ FkeâeF& mes  ØeMve Ûegveles ngS, kegâue ØeMveeW kesâ

Gòej oerefpeS~ ØeMve nw~

oMee&F&Ùes efkeâ efkeâmeer mecetn  kesâ DeJeÙeJe keâe ØeemeeceevÙekeâ

 mecetn keâe Ghemecetn neslee nw~ 15/30

Ùeefo  Skeâ meceefcele efÉjsefKeue meceIeele nes leLee

 lees efmeæ keâerefpeÙes efkeâ 

efmeæ keâerefpeÙes efkeâ efkeâmeer mecetn keâer meceml  mJeekeâejerkeâjleeDeeW
keâe mecegÛÛeÙe Yeer Skeâ mecetn neslee nw~

meeF&uees keâer efÉleerÙe ØecesÙe keâe GuuesKe keâerefpeÙes leLee Gmes

efmeæ keâe refpeÙes~

efmeæ keâerefpeÙes efkeâ efkeâmeer mecetn keâe mecetn kesâvõ 

mecetn keâe Skeâ ØeemeeceevÙe Ghemecetn neslee nw~

Skeâ  heeBÛe 

meb.1 DeefveJeeÙe& 

FkeâeF&
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(b) If a is a fixed element of a group G, then

show that the mapping f
a
 : G  G de-

fined by fa(x) = x–1 a x is an automor-

phism on G.

a G 

f
a
 : G  G, fa(x) = x–1 a x

G

(c) If  : R  R' be a homomorphism on the

ring R into the ring R' with kernel K, then

show that K is a subgroup of R under ad-

dition.

 : R  R' R R'

K K

R 

(d) Prove that a commutative ring with unity

is a field if it has no proper ideals.

(e) Prove that every Euclidean Ring possesses

unity element.

(f) Let w
1
 and w

2
 be subspaces of dimen-

sions p and q, respectively, of a vector

space V(F) such that }0{ww 21 , then

find the dimension of the subspace

w
1
+w

2
.

w
1 

w
2 

V(F)

p q }0{ww 21

w
1
+w

2

(g) Check wether the set {(1,0,0),(1,1,0,),

(1,1,1)} is a basis of R3(R).

{(1,0,0),(1,1,0,),

(1,1,1)} R3(R)

(h) Show that the mapping T : R3  R2 given

by T(x,y,z)=(x+y, 2z – x) is a linear

transformation.

T(x,y,z)=(x+y, 2z – x)

T : R3  R2 

(i) If ,  are vectors is an inner product space

then prove that |||||||||||| .

, 

||||||||||||

→

→

φ →

φ →

=∩

=∩

→

→

α β

β+α≤β+α

α β 

β+α≤β+α

Ùeefo mecetn keâe Skeâ efveefMÛele DeJeÙeJe nes lees oMee&F&Ùes

efkeâ ØeefleefÛe$eCe pees 

Éeje heefjYeeef<ele nw,  hej Skeâ mJeekeâejerkeâjlee nw~

Ùeefo  JeueÙe  me s JeueÙe  ce W Skeâ

meceekeâeefjlee nes efpemekeâe Deef° nes lees oMee&F&Ùes efkeâ 

JeueÙe keâe Skeâ Ùeesieelcekeâ Ghemecetn nw~

efmeæ keâerefpeÙes efkeâ Skeâ FkeâeF& Oeejkeâ ›eâceefJeefvecesÙe JeueÙe

Skeâ #es$e nesiee Ùeefo Gmekeâe keâesF& GefÛele iegCepeeJeueer ve nes~

efmeæ keâerefpeÙes efkeâ ØelÙeskeâ Ùetefkeäue[erÙeve JeueÙe ceW FkeâeF&

DeJeÙeJe efJeodceeve neslee nw~

Ùeefo leLee efkeâmeer meefoMe meceef°  kesâ ›eâceMe:

leLee  efJecee Jeeues Ghemeceef° neW leLee 

nes lees Ghemeceef°  keâer efJecee %eele keâerefpeÙes~

hejer#eCe keâerefpeÙes efkeâ keäÙee mecegÛÛeÙe 

 keâe Skeâ DeeOeej nw~

oMee&F&S efkeâ  Éeje efve™efhele

ØeefleefÛe$eCe Skeâ jwefKekeâ ™heeblejCe nw~

Ùeefo Skeâ Deeblej iegCeve meceef° kesâ DeJeÙeJe neW lees

efmeæ keâerefpeÙes efkeâ 
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Ùeefo  Skeâ DeYeepÙe mebKÙee nw leLee   mecetn keâer keâesefš

 keâes efJeYeeefpele keâjlee nw lees efmeæ keâerefpeÙes efkeâ ceW  

keâesefš keâe Skeâ DeJeÙeJe efJeÅeceeve nesiee~
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Ùeefo Skeâ #es$e nes lees efmeæ keâerefpeÙes efkeâ Fmekesâ i    peeJeueer

kesâJeue  leLee ner neWies~ Dele: efveieceve keâerefpeÙes efkeâ
efkeâmeer #es$e keâer meceekeâeefjlee Ùee lees leguÙeekeâeefjlee nesleer nw Ùee

ØelÙeskeâ DeJeÙeJe keâes Gmekesâ MetvÙe hej ØeefleefÛe   ele keâjleer nw~

Ùeefo Skeâ Ùetefkeäue[erÙeve JeueÙe nes efmeæ keâerefpeÙes efkeâ 

keâe ØelÙeskeâ DeJeÙeJe Ùee lees  lelmecekeâ nesiee Ùee Fmes 
kesâ  heefjefcele mebKÙee ceW DeJeÙeJeeW kesâ iegCeveHeâue kesâ ™he ceW

efueKee pee mekeâlee nw~

Ùeefo leLee Skeâ efJeceerÙe heefjefcele meceef°  kesâ

oes ›eâefcele DeeOeej neW, mecee f° hej Skeâ efÉjwefKekeâ
meceIeele nes leLee #es$e hej heefjYeeef<ele  Skeâ Ssmee
DeeJÙe tn nw e fkeâ  lee s e fmeæ
keâerefpeÙes efkeâ 

Ùeefo Skeâ meefcceße meefoMe meceef° hej Skeâ Ssmee meceIeele
nes efkeâ  kesâ mecemle DeJeÙeJeeW kesâ efueÙes JeemleefJekeâ
nes lees efmeæ keâerefpeÙes efkeâ nefce&šerÙe nesiee~

meefcceße Deeblej iegCeve meceef° kesâ efueÙe OeÇgJeCe lelmecekeâ keâe
GuuesKe keâerefpeÙes leLee Gmes efmeæ keâerefpeÙes~

meefoMe kesâ mecegÛÛeÙe 
hej «eece-efMeceš uecyekeâerkeâjCe Øe›eâce keâe ØeÙeesie keâjkesâ 
hej heefjYeeef<ele ceevekeâ Deeblej iegCeveHeâue kesâ meehes#e  keâe
Skeâ ØemeeceevÙe ueebefyekeâ DeeOeej keâer ieCevee keâerefpeÙes~

p p G 

D(G) G p

4. (a) If F is a field, prove that its only ideals are

{0} and F. Deduce that a homomorphism

of a field is either an isomorphism or maps

each of its element into its zero.

F 

{0} F

(b) Let R be an Euclidean Ring, then prove

that every nonzero element in R is either

a unit in R or can be written as a product

of a finite number of elements of R.

R R

R R

5. (a) Prove that if R is a unique factorization

domain, then the product of two primi-

tives polynomials in R[x] is again a primi-

tive polynomial in R[x].

B B' n V(F)

f v 

p f n×n

,V,][P][ 'BB

.P]f[P]f[ B
t

'B

(b) Let v be a complex vector space and f be a

, ) is real for every

v   then prove that f is Hermitian.

f v 

v f( , )

f

9. (a) State and prove the polarization identity

for the complex inner product space.

(b) Apply Gram-Schmidt process to the set

of vectors {(1,0,1), (1,0,–1), (0,3,4)}

to obtain an orthonormal basis of R3 with

respect to the standard inner product

defined on R3.

{(1,0,1), (1,0,–1), (0,3,4)}

R3

R3
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form on  v  such  that f(



efmeæ keâerefpeÙes efkeâ Ùeefo Skeâ DeefÉleerÙe iegCeveKeC[ve

Øeevle nes lees  kesâ oes hegJe&ie yengheoeW keâer iegCeveHeâue

 ceW Skeâ hegJe&ie yengheo nesiee~

efmeæ keâerefpeÙes efkeâ yengheo 
peneB Skeâ DeYeepÙe mebKÙee nw, heefjcesÙe mebKÙeeDeeW kesâ #es$e

ceW DeKeb[veerÙe yenggheo nesiee~

Ùeefo Skeâ heefje fcele efJecee rÙe meefoMe meceef°  keâe
Ghemeceef° nes lees efmeæ keâe refpeÙe s e fkeâ heefje fcele e fJeceerÙe

nesiee leLee

efmeæ keâerefpeÙes efkeâ efkeâmeer heefjefcele efJeceerÙe meefoMe meceef°
 keâe keâesF& Yeer SkeâIeelele: mJeleb$e mecegÛÛeÙe  kesâ

Skeâ DeeOeej ceW efJemle=le efkeâÙee pee mekeâlee nw~

Ùeefo  leLee  heefjefcele efJeceerÙe meefoMe meceef°

neW Deewj  Skeâ jwefKeÙe ØeefleefÛe$eCe nes lees efmeæ

keâerefpeÙes efkeâ keâe heefjmej  keâe Ghemeceef° leLee

 keâe Ghemeceef° nesiee~

 kesâ DeeOeej 

keâe Éwle DeeOeej %eele keâerefpeÙes~

 R 

 R[x]

R[x]

(b) Prove that the polynomial

f(x)=1+x+x2+ ---- + xp–1, where p is a

prime number, is irreducible over the field

of rational numbers.

f(x)=1+x+x2+ ---- + xp–1,

p 

5/11

6. (a) If w is a subspace of a finite dimensional

vector space v than prove that w is finite

dimensional and dim w < dim v.

w v

w 

dim w < dim v.

(b) Prove that any set of linearly indepen-

dent vectors in a finite dimensional vec-

tor space V(F) can be extended to a ba-

sis of V(F).

V(F) V(F)

7. (a) Let V(F) and W(F) finite dimensiond be

vector spaces and T : V  W be a linear

transformation, then prove that the range

of T is a subspace of W(F) and

}0T/V{N  is a subspace of V(F).

V(F) W(F)

T : V  W

T W(F)

}0T/V{N V(F)

(b) For the basis B={(1,–2,3),(1,–1,1),(2,–4,7)}

of V3(c), find the dual basis of B.

V3(c) B={(1,–2,3),(1,–1,1),(2,–4,7)}

5/12

8. (a) Let B and B' be two ordered bases of a

finite n dimensional vector space V(F), f

be a bilinear form on V and P be the n×n

invertible matrix over F such that

,V,][P][ 'BB  then prove that

.P]f[P]f[ B
t

'B

Unit-III / -III
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FkeâeF&

FkeâeF&

→

=α∈α=

→

=α∈α=

∈α∀α=α

=
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