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THEORY 767

g EMENTS OF CODING
rator matrix G can be derived from H writing H as H=[47 | | ]
n-m

») The symmetric gene :
AT l)13] noting that G = [/ | 4] as given HElom

=1 10001 11
01001

- 10

0010101

00071011

G.HT =0.

Note that the generator can also be deduced from
(c) For code word y, the syndrome is equal to
s, =HyT=0110
which corresponds 10 second column of H. Hence the corrected code word is 1100001 and the
sransmitted message is 1100.
For code word y, the syndrome is equal to
S, = Hy,"=[000]

Hence code word is correct.
e ————— @ ————————————————————— S ————
——.._____.—.—__-_—un-n————"-'-—-'—' = = ey

Problem Set 19.1
1. Find the Hamming distance between x and y
(@) x = 1101, y = 1000 (b) x = 1010101, y = 1100100

(%= 0010111, y = 0101011
Find the Hamming weight of the given words

2.
VP o @000 (b) 1110011
(c) 1001101
3. Consign the encoding function E : B> — B’ defined by
* E(0 0) = 00000

E(10)=10110
E(0 1) = 01101
E(1 1)=11011
Find the minimum Hamming distance. How many error wi
4 Find the minimum Hamming distance of the following code,
0000, 1100, 1010, 1001, 0110, 0101, 0011, 1111
State the number of errors which can be detected and correct:
S, Let E - B> — B® be the encoding function for the co
D : B° — B3 be the corresponding decoding function, appl
111101100 (ii) 000100011.
6. Consider the encoding function E : B - B® defined by
E(0 0) = 000000
E(1 0) = 101010
E(0 1) = 010101
E(1 1) = 111111
Find the minimum hamming distance between the code words. Find the no of errors which can be
detected and corrected.
7. Use the parity check matrix

11 E defect and correct?

de (9, 3) triple repetition code. If
y D to decode the received words (i)

(=T — B T
O = O

1
1
0
to test the words (@) 1001111 (b) 0111001 (c) 0101100
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768 - DISCRETE MATHEMA

ini i tween the code w
8. For each of the following encoding function, find the r.mmmumhdlit;:ce be
Discuss the error detecting and error correcting capabilities of each code.

(@)E:B*—> Bs
E(0 0) = 00001 E(1 0) = 10100
E(0 1)=01010 E(1 D)=11111
(b)E: B B°
£(000) = 000111 E(001) = 001001
E(010) = 010010 E(011) = 011100
E(100) = 100100 E(101) = 101010
E(110) = 110001 E(111) = 111000
9. For the following generator matrix, find how many errors the corresponding code can detect and.
many errors it can correct.
[0 0 0 11
001 001
001 11
10.

Write the complete coset decoding table for the code given by the generator matrix
(1 00110
01 0101
001 01 1
From the table, decode the following received words.
001111, 101010, 011110
11.  Find all the codewords of the code determined by the check matrix.

H:IOIO
“lo1 11

12. At a binary channel coding code words are constructed from two information symbols 5
three parity check symbols (c,, ¢, and c,). The generator matrix is as follows

rotruii
““lo1101)
(a) Determine the code words of the code, their weights and their Hamming distances.
(b) Determine the parity check matrix H.
(¢) Determine the syndrome for the following error patterns :

(01000), (00101), (10010), and (11111).

(d). A code word (11010) is generated, which is distorted with the following error pattern : (1
Determine the received code word and which correction will be applied. Explain the decisio:

13. A binary code is constructed by adding three parity check symbols to three information syml|
(denoted by b,, b, and b,). For these code symbols

x,=b

1
x, = by,
x; = by,
Xy =by + by,
xg=b, + b,
xg=b, + b,
(a) Determine the code words of this code.
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TS OF CODING THEORY 769

ELE : :
: ® Determine the control or parity check matrix H.

(© Determine the generator mfatrix G.
T) Determine the Hamming distance of the code.
(¢) How many errors can this code detect and how many errors can it correct?
A binary code has the following parity check matrix.
1100000
o1 11000
0001T1T1FP0
0000011

(a) Use the matrix to correct the following message :
110110000110010000100

14.

(b) If the digits of any codeword are numbered X, to x,, then the first line of the parity check matrix
could be written as x, + x, = 0 Mod (2).

Write down three more equations based on the parity check matrix.

(¢) Using your answer to part b, or by any other method, find the other five valid codewords in this

code.
10100
15. Find the code words generated by the parity check matrix H=|1 1 0 1 0 » when the encoding
01001
function is E: B> — BS.
1 10100
16. Find the code words generated by the parity check matrix H=[1 0 1 0 1 0 » when the
011001
encoding function is E: B3 — BS,
1000110
. 0100101
17. . - . . 5
Given the generator matrix G = 0010011l find the corresponding parity check matrix.
0001111
18. Given the generator matrix
G= 101010
010101
Corresponding to the encoding function E: B2 — BS, find the corresponding parity check matrix H and
use to decode the received words '
000100, 011101, 111010, 101011
and hence find the original message.
19,

Construct the decoding table for the group code given by the generator matrix.
g0t
o1t 110
Use the decoding table to decode the following received words:
11110, 11101, 10101, 10011, and 01100.
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DISCRETE MATHEM 4
770 sl

20. Construct the decoding table for the group code given by the gencrator matrix
100110

G=|(0 100 1 1}

001101

Use the decoding table to decode the following received words:

000110, 000101, 110001 and 011111.

ANSWERS &= @ = o

1. (@2 ®3 (04 2.(a)4 (B)5()4

3. 3, detect 2, correct 1 4. 2, detect 1, correct 0

S. 101, 000 6. 3, detect 2, correct 1

7. (a) correct (b) correct (c) incorrect

8. (a) The minimum distance is 2. The code detects all single errors but has no correction capabil;
distance between code words is 3. The code can detect all errors of weight < 2 and can correct all single
erTors.
(5) The minimum

9.

The code can detect one error. The code cannot correct every single error
10. C: 000000 001011 010101 011110 100110 101101 110011

: 111000
100000+ C: 100000 101011 110101 111110 000110 001101 010011 0100q
010000+C: 010000 011011 000101 001110 110110 111101 100011 11009
001000 +C: 001000 000011 011101 010110 101110 100101 111011 1000
000100 +C: 000100 001111 010001 011010 100010 101001 110111 111109

000010 + C: 000010 001001 010111 011100 100000 101111
000001 + C: 000001 001010 010100 011111 100111 101100 110010 111001
100001 + C: 100001 101010 110100 111111 000111 001100 010010 011001,

_ 001111 is decoded as 001011; 101010 is decoded as 001011; 111110 is decoded as 011110.
11. 0000, 1110, 0101, 1011

12." (a) code words 10111 01101 11010 00000, weights 4
Hamming distances are 0 3 4

110001 111010

3
3
4

w O W

4 3
0 3
30
11100
@1 o010
11001
©S=[101]

(d) The received code word is 01000. From the vectors given in ¢, 01000 has the smallest weight, st

. . ; ich 18
vector is then considered as the error vector. Hence, the supposed code word is 000000 Wb
incorrect in this case.

13. (a) There are 8 messages. Their corresponding code words are given as follows :

Message Code Words
000 000 000
001 001 110
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B

01
H=|1 0 1
1 1

(¢) The generator matrix

(d) The smallest Hamming distance between the co&e words i

o010
011
100
101
110
111

1

0

10
G=10 1
00

1 00
010
0 01

G
0
0
1

the code is equal to 3.

010 101
011 011
100 011
101 101
110 110
111 000

11
01
1.0

can be derived from G.HT = 0. The result is

s 3. Thus the Hamming distance d of

() For Hamming distance d = 3, 2 errors can be detected and 1 error can be corrected.
4. (a) 11011000011011 0000000

() X, +x +'Jc4 =0

() 0000111, 0011100, 0011011, 1110000, 1110111
r 15. £(00) = 00000, e(01) = 01011, £(10) = 10110, e(11) = 11101
16.  €(000) = 000000, £(001) = 001011, £(010) = 010101

| = «(100) = 100110, ¢(011) = 011110, e(101) = 101101
€(110) = 110011, e(11) = 111000
[t 110100

17. H=|1 01 1 0 1 0
0 11100 1
10 1000
B H= 010100
100010
0 10001
00, 01, 10, 11
19. 00000 01110 10011 11101
00001 01111 10010 11100
00010 01100 10001 11111
00100 01010 10111 11001
01000 00110 11011 10101
10000 11110 00011 01101
11000 10110 01011 00001
10100 11010 00111 01001

01110, 11101, 10011, 10011, 11101 and 01110
Messages are 01, 11, 10, 10, 11 and 01

fﬁ
L3
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20. 000000 100110 010011 001101 110101 101011 011110 111000
100000 000110 110011 101101 010101 001011 111110 011000
010000 110110 000011 011101 100101 111011 001110 101000
001000 101110 011011 000101 111101 100011 010110 110000
000100 100010 010111 001001 110001 101111 011010 111100
000010 100100 010001 001111 110111 101001 011100 111010
000001 100111 010010 001100 110100 101010  O11lll 111001
010100 110010 000111 011001 100001 111111 001010 101100
100110, 001101, 110101 and 011110.
Messages: 100, 001, 110 and 011.
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