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INTRODUCTION

® An equation that involves dependent and independent variable and

at least one derivative of the dependent variable with respect to the

independent variable is called a differential equation.

For Example;
1. dy/dX:X-l— 10 2. Xdy:ydy
A ditferential equation is said to be ordinary if the differential

coefficients have reference to a single independent variable only and
it is called as a partial differential equation if there are two or more

independent variables. An ordinary differential equation containing

two or more dependent variables with their differential coefficients
with respect to a single independent variable is called a total

differential equation.
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Formation of differential equation

®  Order of DE = No. of essential arbitrary constants

® Identify essential arbitrary constants

* Differentiate till required order

® Now eliminate arbitrary constants from the equation of curve or any other equation obtained from: it.

e A solution of a differential equation is an equation which contains as many arbitrary constants as the order of the
differential equation and is termed as the general solution of the differential equation.

e The solutions obtained by giving particular values to the arbitrary constants in the general solution are termed as
the particular solutions.

¢ The general solution of a differential equation of the nth order must contain n and only n independent arbitrary
constants.

* A separable differential equation can be expressed as the product of a function of x and a function of y i.e.it can
be expressed in the form

J f(x)dx + g(y)dy = 0.
®  The solution of such an equation is given by
o ff(x)dx + ,[g(y)dy = ¢, where ‘¢’ is the arbitrary constant.

o Ifthe equation is of the form:

{ .

o _ flar +by+c),a, b#£0
dx

To solve this, just substitute t = ax + by + c. Then the equation reduces to separable type in the variable t and x

which can be easily solved.




Ordinary differential equations

An ordinary differential equation (ODE) is an equation
containing an unknown function of one real or complex
variable x, its derivatives, and some given functions of x. The
unknown  function is  generally  represented by
a variable (often denoted y), which, therefore, depends on x.
Thus x is often called the independent variable of the
equation. The term "ordinary" is used in contrast with the
term partial differential equation, which may be with respect
to more than one independent variable.

A differential equation not depending directly on ¢ is called autonomous.
Example : x'(t) = a x(t) + b is autonomous.

A differential equation is homogeneous if Q(t) = O

Example: X'(t) —a X(t) is homogeneous




Linear Differential Equation

e A differential equation is said to be linear if the dependent
variable and all its differential coefficients occur in degree

one only and are never multiplied together.

e Linear differential equations of first order first degree is

given by % py—q , where P & Q are functions of x

(T

® Solution: Integral Function; L.F. = e I[P

Solution is given

where P1, Q, are functions of y alone or constants

LE. = ¢ [P1dy
Solution is e _[Pldy = J Qle JPldy dy + ¢
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Problems

Solve: ydx —xdy + logxdx =0

Solve: dy/dx = x*/ 14y’

Suppose the rate of natural increase of fish population
in a lake is 0.1 per cent of a fish per month and the

initial fish population is 1000. During which month (t
= ?) will the fish population be 2000 ?

Solve: dy/dx + 2y = x
Solve:xlogx +y:210gx
Xdy/dx—y:X-I-Z
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Solution of Ordinary Differential Equation (ODE)

A solution of an ODE is a function x(t) that satisfies the equation for all values of t.
Many ODE have no solutions.

Analytic solutions -1.e., a closed expression of x in terms of t- can be found by
different methods. Example: conjectures, integration.

Most ODE’s do not have ana])/tz'c solutions. Numerical solutions will be needed.

If for some initial conditions a differential equation has a solution that is a constant function
(independent of t), then the value of the constant, x., is called an equilibrium state or stationary state.

If, for all initial conditions, the solution of the differential equation converges to x. as t —,

then the equilibrium is globally stable.

Classic Problem: “The rate of grovvth of the population is proportional to the size of the
population.” Quantities: t = time, P(t) = population, k = proportionaly constant (growth-rate
coefticient)

The differential equation representing this problem: dP(t)/dt = kP(t)
Note that Po=0 is a solution because dP(t)/dt = O forever (trivial!).

If Po # O, how does the behavior of the model depend on Po and k? In particular, how does it depend
on the signs of Po and k?

Guess a solution: The first derivative should be “similar” to the

function. Let’s try an exponential: P(t) = c "

dP(t)/dt = c k " = kP(t) —it works! (and, in fact,c = Ps.)
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First-order differential equations: Solution
A first-order ODE: x'(t) = F(t, x(t)) or x'(t) = f(t, x(t)) Vt.

The steady state represents an equih’brium where the system does not Change

anymore. When x(t) does not change anymore, we call its value x..
Thatis, x'(t) =0

Example: x'(t) = a x(t) + b, with a # 0., When x'(t) = 0, x. = —b/a.
Separable first-order ODE

A 1st-order ODE is separable if it can be written as: x'(t) = f (t)g(x) Vt. Easier
to solve (case discussed first by Leibniz and Bernoulli in 1694).

Exemple: x'(t) = x(t) t.

First write the equation as: dx/x =t dt.

Integrate both sides: In x = t?°/2 + C.(C always consolidates then

constants of integration).




Linear first-order ODE: Case | - a(t) = a

® Set g(t) = e =" x'(t) + ae” x(t) = " b(t)
® The integral of the LHS is eat x(t)
Solution: e x(t) = C + Jt e®b(s) ds, or x(t) = e [C + Jt e® b(s) ds].
Proposition
® The general solution of the differential equation
x'(t) + a x(t) = b(t) W,
where a is a constant and b is a continuous function, is given by
x(t) =e *[C + jt "as b(s) ds] V.
* Special Case: b(s)=b for The ditterential equation is x'(t) + ax(t) = b
Solution: x(t) = ¢~ [C + Jte®b ds] = ¢~ [C +b Jteds]
=e¢ *{C-(b/a)} + (b/a)
If x(0) = x, D x = C
Stability: It a > 0 = x(t) is stable(and x- = b/a), It a < 0 = x(t) is unstable

-
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Linear first-order ODE: Phase Diagram

* A phase diagram graphs the first-order ODE. That is, plots x’(t) and x(z).

* Example: X'(7) + ax(f) = )

a> ()

.X’(fj

N

—

x(7)

a<(

Xp=b/a X(7)




Linear first-order ODE: Examples

Solution:  x(t) = e “(C — E) L2 ke g E;
a a a
Example: #'(7 + 0.5 u(7) = 2.
Solution:
() = C* e 2"+ 4. (Solution 1s stable = #=0.5>0)

Steady state: x, = b/a = 2/0.5 =
It #(0) =20 = C*=16, = Detiite solution: x(7) = 16 ¢”"+ 4.

Example: /(7)) — 2 (/) = -4
Solution:
p(l) = C* "+ 2. (Solution 1s unstable = #=-2<0)

Steady state: v, = b/a=-4/-2= 2
Ity0)=3 =C*=1, = Detinite solution: #(7) = 1 ¢7+ 2.

/




Linear first-order ODE: Price Dynamics
* Let p be the price of a good.

* Total demand: D) =a— bp
* Total supply: S(p) = o + Bp,
* a, b, o, and B are positive constants.
* Price dynamacs: P =0[Dp) — Sk, with 6 > 0.
* Replacing supply and demand:

P(H+6b+B)p(H =06 (a—a) (atust-order linear ODE)
* Solution:

p() = CH 9D + (g — o) /(b + P).

po= (1= 2)/(b+ B).

Given 6(0 + ) > 0, thus equilibrium 1s globally stable.
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Partial differential equations

® The partial differential equation (PDE) is a differential equation that

contains unknown multivariable functions and their partial derivatives.
(This is in contrast to ordinary differential equations, which deal with
functions of a single variable and their derivatives.) PDEs are used to
formulate problems involving functions of several variables, and are
either solved in closed form, or used to create a relevant computer
model.

PDEs can be used to describe a wide variety of phenomena in nature
such as sound, heat, electrostatics, electrodynamics, fluid
flow, elasticity. These seemingly distinct physical phenomena can be
formalized similarly in terms of PDEs. Just as ordinary differential
equations often model one-dimensional dynamical systems, partial
differential equations often model multidimensional
systems. Stochastic partial differential equations generalize partial
differential equations for modelling randomness.
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Exact differential equation

* A differential equation M(x, y)dx + N(x, y) dy = 0 is called

an exact differential equation if there exists a function u such

that du = Mdx + Ndy.

® The above differential equation Mdx + Ndy = (0 is termed to
be exact if OM/ ay = ON/0Ox. Its solution hence is given by
IM dx + JN dy = c, where in the first integral, i.e. in M, y is

considered as a constant and in N, only those terms which are

independent of x are considered.

* For Example;

x dy + ydx = d(xy)

ydx -xdy (XJ
——d| -
y y

Xty Xy

ydx -x dy —d(ln ij
Xy y

yex-xdy d? X ?y —d[‘ran'1 EJ
X"ty Yy




: Problems: Exact DE N\

Find a rating Factor, then solve the differential equation.

_9_,3,. ydr+(2xy-e'2")dy (D 2y Md)\‘\'Nd\s =0
Here M=y, N= M€ My= Ny 3 xek

L
Tn L.F, u4)=e 3 - =88

Mulhiply Hhe dug eah by Qz% ) e 9ot

(3x2 + 4xyv)dx + (2xZ2 + 23v)dy = O

Solution:
P(x,v) = 3x2%2 4+ 4xvy
Q(x,y) = 2x% + 2y

dP(x,y)

Using:

Fx. 3y = 3% —2x and GG(x.3) = 2x3 + 1
It follows that:

[=Fi

= =2 and =Z—— —

& > >

. The differential equaton i=s exact.

MNext, need to integrate F(x, 3) with respectto x
and isgnore arbitrary constant of integration:

J-F(x,y)dx = J-(yz—Zx)cix = xyE — Zx;
J-F(x,y) oFx — xyv? — x=

Similarly . need to integrate GG {x_ ) with respect to ¥
and isgnore arbitrary constant of integration:

JG 30 b = [xy + Doy = 22°% .,

J &30 b = 237 4+ 32

Tastly. need to combine term s (note .xy2 terin only needed once):

Flx, ) = xv? — x?T 4+
fFlx, ) =x2 +2x2yvy+h() = C
daf(x,y)
— e Q(x,3)

2x2 +A'(3v) = 2x2 + 2y

[ror=[2yvaod

4
dy 5
h(y) =3+ c3
dQ(x,y) - 5 5

T G fF(x, ) =x+2x°y+ h()= C
| - drCe dQ(x, v ) = x3 +2x2y +y2 + = g |
c(:[ > — in > == this is an exact dif f. equation ‘ (x> = =T > o

374 g

P = f T T

f(x,yv) = f(3x2 + 4xy)dx + Ah(yv) =C

_
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~ Second Order Differential Equation

A second-order ordinary ditterential equation 1s a ditterential

equation of the torm:

G (7, >x(B), xX'(H, x"(H) = O \v s

o}

mvolving only 7 x(7), and the ftirst and second dermivatives of .

We can write such an equation in the torm:

xM"(AH = F(7, x(2), >x'(F)).

Note that equations of the torm x"(7 = F (7, &'(#)) can be reduced

to a tirst-order equation by making the substaitution
- o
(D) = X7(@).

Based omn the solutions tor tirst-order ODE, we guess that the

homogenecous equation has a solution ot the torm »(7) — _de™.
Checlk: (7)) = _Ade™

>MNA) = rmde”

xM(H = A,

= ~"N(AH + axN(H + Do(H) = 2de” + gide™ + Lde™ = 0
= Ae™ (12 + ar + ) = O.
For ~(#) to be a solution of the equation we need »2 + g+ & = 0O

This equation i1s the characterisiic eqrtarion of the OIDE.

Simuilar to second-order ditterence equations, we have 3 cases:

— If &2 = 4b = 2 distinct real roots
— If 2 = 4b = 1 real root
— If &% < 4b = 2 dustinct complex roots.

)
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/ Linear Second Order with Constant coefficient: Economics Example \

® S7ability of a wzacroecoroiiic i72odel.

* ILet © be aggregate supply, p be the price level, and @ be the expected

rate ot intlation.

s O = a— ip+ cr, where 7 = 0,/ = O, and ¢ = O.
— Let be O* the long-run sustainable level of output.
— Assume that prices adjust according to the equation:
P = A(O(H — OF) + (¥, where / = O.
— Finally, suppose that expectations are adaptive:

7'(#) = £P(H — w(#)) for some £ = O.

Question: Is this system stabler

— Reduce the system to a second-order ODE: ”
1) Diftferentiate equation tor p'(7) = get p" (7
2) Substitute 1n tor ' (#) and (7).

— We obtain: P'"(H — hlee — D) p'(H) + £bb p(#H = Eb(a — OF)
—> System 1s stable 1ttt &c < J. (£hb = O as requured.)

Note:

It ¢ = 0O —1.e., expectations are 1gnored— =— system 1s stable.

If ¢+ O and £ is large —inflation expectations respond rapidly to

k change.s 111 the rate of intlation— —> system may be tinstable.
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Differential Equation and Economics

e The applications of differential equations are now used in modelling motion and

change in all areas of science. The theory of differential equations has become an
essential tool of economic analysis particularly since computer has become
commonly available. It would be difficult to comprehend the contemporary
literature of economics if one does not understand basic concepts (such as
bifurcations and chaos) and results of modem theory of differential equations.

A differential equation expresses the rate of change of the current state as a
function of the current state. A simple illustration of this type of dependence is
changes of the Gross Domestic Product (GDP) over time. Consider state x of
the GDP of the economy. The rate of change of the GDP is proportional to the
current GDP

x'(t) = gx(t),
where t stands for time and x’(t) the derivative of the function x with respect to
t. The growth rate of the GDP is x’/x. If the growth rate g is given at any time
t, the GDP at t is given by solving the differential equation. The solution is
x(t) = x(o)e”gt
The solution tells that the GDP decays (increases) exponentially in time when g
is negative/ positive.
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