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For study the relation between two variables the correlation
coefficient Is used.

But sometimes iInstead of two variables the two sets of
variables are available and one 1s Intrested In the relation
between these two sets of variables.

To study the relation instead of individual variables the linear
combinations of these variables are used.

These linear combinations are constructed In such a manner
that the one linear combination of one set of variables is highly
correlated with one linear combination of other set of variable
and independent of all the other linear combinations.

Also the Ilinear combinations obtained from same set of
variables should be independent of each other.

These linear combin_ations of variablges are calle_d as canonical
variates and correlation between the linear combinations of two
sets Is called as canonical correlation.



CANONICAL CORRELATION (EXAMPLE)

x %orisri]der, as an example, variables related to exercise and
ealth.

x In one set we can take variables associated with exercise,
observations such as the climbing rate on a stairs, running
speed, weight lifting, the number of push-ups per minute,
number of sit ups per minute etc.

x In other set of variables we can consider the measures of
overall health, such as blood pressure, cholesterol levels,
glucose levels, body mass index, etc.

x Two types of variables are measured and the relationships
_bettwee%n the exercise variables and the health variables are of
Interest.

x |t Is clear that the each variable in first affects to each variable
In the second set.
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As a second example consider variables measured on
environmental health and environmental toxins.

A numt_)er of envi_rpnmental_ health _variab_les _such as
frequencies of sensitive species, species diversity, total

biomass, productivity of the environment, etc. may be
considered in one set.

In second set of variables on environmental toxins can be

considered, such as the concentrations of heavy metals,
pesticides, dioxin, etc.
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For obtaining the canonical variates let’s consider two different
set of variables XM and X@. In other words we can partition
vector X of p-variables into two parts X having p, varaibles
and X@ having p, variables.

Without loss of generality we can take E[X] = 0 and V(X) = X.
Further the variance-covariance matrix X can be partitioned as:

/L [ V(X1) EGF(XLXE:]] 1! [En Eu]
~ LCov(X,, X1) V(X;) 125 Zp

Ng;/v the main interest is to study the relation between X® and
X4,
For the purpose we can consider two linear combinations, one

of the elements of X and other as linear combination of the
elements of X®,
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Let these linear combinations are U = o’X®) and V = y’X@
such that V(U) =1 and V(V) = 1.

E[U] = E[a’ XW]=a E/XD]=0; E[V] = E[a X®]=a E[X?]=0
V(U) = V(a’XD) = o V(XNa = a’2pa =1 (1)
V(V) = V(y'X®) =y V(X@)y =y’ 2y =1 (2)
Now under these conditions the correlation between U and V
can be defined by the covariance between U and V.
The covariance between U and V Is given by:
Cov(U, V) = Cov(a’'XD), y’X)

= o’Cov(X®D), X@)y

= a2y (3)
For obtaining the canonical variates (3) Is to be maximized
under the conditions (1) and (2).
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x For maximizing (3) under conditions (1) and (2) the Lagrange’s
method of multiplie:{ IS used. The function ¢ can be defined as:

1
@ =a'Zyy — El(fl"fnﬂ S E#(’J"’Ezz]’ S
x \Where A and p are the Lagrange’s multipliers (scalars).

c J ad
x For Maximum _@;:D angl UL

da ay

x From it we will get:

2y —A2pa =0 (4)
20— 2oy =0 ()
x Pre multiplying equation (4) by o’ and equation (5) by y’ we get
W2y —Ao2yo =0 (6)
y 2 a—py 2oy =0 (7)

x Asoa’2po=1andyX,,y =1, we get:
A= u = a’2yy; putting in equation (5) we get:
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2y —A2pa =0 (8)
25100— 125y =0 9)
x |n matrix for we can write equation (8) and equation (9) as:
[_Hil 212 ] [‘I] —0
XAz (10)
x Equation (10) will have a solution If:
—AZy, 212
=0 11
5 s, w

x Equation (11) is a polynomial in A of degree p. Therefore it will
have at most p distinct solution. Let these solutions are A, A,,
..., Ay such that A, > 2> .. > A,

x Let the solution of (10) are denoted by a® and y® Then the
first canonical variates will be U; = a’X® and V, = y1)°X@)
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x Let up to rth satge (r< ) we get the canonical variates as
{U,;=a®’XV) V,=p X} {U,=a@’XD), V,=y@ X} ;
{U,=a®’XD, V=y ) X}

x Then for (r+1)th canonical variates we can define the linear
combinations: U = aXW, V = yX@ such that:

V(U) = o’ Zpa =1 (12)
V(V) =y 20y =1 (13)
Cov(U,U;,)) =a'2,a® =0 Vi=12,. (14)
Cov(V,V,) =y'ZyP =0Vi=1.2, ., (15)
Cov(U,V.) = a'Z1,yW = La'Zy,a® =0 Vi= 1,2, 17 (16)
Cov(U;,V)=a DTy =A4yW'E,y=0Vi=12,..,r (17)
Cov(U,V) =a'Zyy (18)

x Then we can deflne the functlon Pr+1) 8S:

Plren) = A Ly¥ —3 ?‘L(ﬂ’i'uﬂ 1}—-11[ Ly - 1}+Zvl ’I:uﬂm+zﬁ ¥ L™
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x For maximum correlation among (r+1)th pair of canonical
variates: 9¢g+n _ - and 90w _

dd dy’' i
x |t will give rise tonoIIowing equations:
Ej_g]ﬂ" 7 Mlj_ﬂf + Z Vizlj_ﬂ.'{ﬂ =0 (19)
=1
L
2710 — Pl Y + Z 0; 2,y =0 (20)
=1

x Premultiplying Eq" (19) by o®’ and Eg" (20) by y®> and using
Eq" from (14) to (17) we get:
via(i) ,Ella(i) =y, = 0
Oy 2oy = 6; = 0
x Putting in equation (19) and (20) we get:
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2y —A2pa =0 (21)
2o100— 125y =0 (22)
x \Which are similar to equation (4) and (5). Therefore we can say

that oo and y will be the solution of equation (10) and A be
solution of equation (11).

[ 20

EE:L _"{EEE
‘_’:L'Ell 212 | _ 0
2y Ay

x Hence In general we can say that the pairs of canonical
covariate can be obtained by solving equation (10) and the
values of A are the solutions of the equation (11) arranged In
descending order. The rth gair of canonical variates are given
by U, = o 'XD, V. = y0’X©



STEPS FOR OBTAINING CANONICAL VARIATES

Let Y and Z be two sets of Variables for which canonical variates
are required to be obtained. Then:

1. Define the vector X’ = (Y’ Z2°).

. Obtain the correlation matrix for X. If Y and Z be the sets of
variables such that E(Y) = 0 and E(Z) = 0 then Variance-covariance
matrix of X can be treated as correlation matrix. If Population
variance I1s unknown then under the assumption that X ~ N(0, X)
we can use the MLE of X.

~ Solve the equation | 4211 212 | _ , and obtain the value of A.
EE:L _"{EEE

4. Arrange the values of A in descending order.

. For each value of A solve the equation [—ﬂEn Zy5 “ﬂf] _ o
Ly Ay

. Now define U, = a’XD), V. = %»(‘) 'X@ it will give the r™ set of
%ﬁnonlcal covariates and A, be the canonical correlation among
em.
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