
Hypergeometric Function 

 

Pochhammer Symbol: For a positive integer 𝑛, the Pochhammer Symbol is denoted 

and defined by 

  𝑎 𝑛 = 𝑎 𝑎 + 1  𝑎 + 2  𝑎 + 3 … … … {𝑎 + (𝑛 − 1)} 

and  𝑎 0 = 1. 

(i)  𝑎 𝑛 =
Γ(𝑎+𝑛)

Γ𝑎
 

(ii)  𝑎 𝑛+1 = 𝑎 𝑎 + 1 𝑛  

(iii) (𝑎 + 𝑛) 𝑎 𝑛 =  𝑎 𝑛+1 

 

General Hypergeometric Function: The general hypergeometric function is 

denoted and defined by 

nm F   𝑎1, 𝑎2, … . 𝑎𝑚 ; 𝑏, 𝑏2, … . 𝑏𝑛 ; 𝑥 =  
 𝑎1 𝑟 ……  𝑎𝑚 𝑟

 𝑏1 𝑟       𝑏𝑛 𝑟
 
𝑥𝑟

𝑟!
 

It is also denoted by  

nm F   
𝑎1, 𝑎2, … . 𝑎𝑚 ;
𝑏, 𝑏2, … . 𝑏𝑛  ;    𝑥  

Where  

m − refers to number of parameters in numerator 

n − refers to number of parameters in denominator. 

 

Kummer’s function: For 𝑚 = 𝑛 = 1, the function is known as Kummer’s function or 

confluent hypergeometric function, we have  

11 F   𝑎; 𝑏; 𝑥 = 𝐹 𝑎; 𝑏; 𝑥 =  
 𝑎 𝑛

 𝑏 𝑛
 
𝑥𝑛

𝑛!
 

𝐹 𝑎; 𝑏; 𝑥 = 1 +
𝑎

𝑏
 
𝑥

1!
+

𝑎(𝑎 + 1)

𝑏(𝑏 + 1)
 
𝑥2

2!
+

𝑎 𝑎 + 1 (𝑎 + 2)

𝑏 𝑏 + 1 (𝑏 + 2)
 
𝑥3

3!
+ ⋯ … … … … .. 

 

Hypergeometric function: For 𝑚 = 2, 𝑛 = 1, the function is known as 

hypergeometric function, we have  

12 F   𝑎, 𝑏; 𝑐; 𝑥 = 𝐹 𝑎, 𝑏; 𝑐; 𝑥 =  
 𝑎 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!
 

𝐹 𝑎, 𝑏; 𝑐; 𝑥 = 1 +
𝑎𝑏

𝑐
 
𝑥

1!
+

𝑎(𝑎 + 1)𝑏(𝑏 + 1)

𝑐(𝑐 + 1)
 
𝑥2

2!
+ ⋯ …… … … .. 



This is called as hypergeometric series. 

𝐹 𝑎, 𝑏; 𝑐; 𝑥 = 𝐹 𝑏, 𝑎; 𝑐; 𝑥  

This is symmetric property of hypergeometric function. 

 

𝑥 1 − 𝑥 
𝑑2𝑦

𝑑𝑥 2
+  𝑐 −  𝑎 + 𝑏 + 1 𝑥 

𝑑𝑦

𝑑𝑥
− 𝑎𝑏𝑦 = 0 is known as hypergeometric equation. 

 

The general solution of this hypergeometric differential equation is given by 

y = A 12 F   𝑎, 𝑏; 𝑐; 𝑥 + 𝐵𝑥1−𝑐  12 F   1 − 𝑐 + 𝑎, 1 − 𝑐 + 𝑏; 2 − 𝑐; 𝑥  

where A, B are arbitrary constants. 

 

Differentiation of hypergeometric functions:  

d

dx
  F  𝑎, 𝑏; 𝑐; 𝑥  =

𝑎𝑏

𝑐
 𝐹(𝑎 + 1, 𝑏 + 1; 𝑐 + 1; 𝑥) 

d2

dx2
  F  𝑎, 𝑏; 𝑐; 𝑥  =

(𝑎)2(𝑏)2

(𝑐)2
 𝐹(𝑎 + 2, 𝑏 + 2; 𝑐 + 2; 𝑥) 

                             ................................................................................................  

dn

dxn
  F  𝑎, 𝑏; 𝑐; 𝑥  =

(𝑎)𝑛(𝑏)𝑛

(𝑐)𝑛
 𝐹(𝑎 + 𝑛, 𝑏 + 𝑛; 𝑐 + 𝑛; 𝑥) 

                                     Also   
dn

dx n   F  𝑎, 𝑏; 𝑐; 𝑥   
x=0

=
(𝑎)𝑛 (𝑏)𝑛

(𝑐)𝑛
 

 

Integral representation of hypergeometric function: 

 F  𝑎, 𝑏; 𝑐; 𝑥 =
Γ𝑐

Γ𝑏Γ(𝑐 − 𝑏)
  𝑡𝑏−1 1 − 𝑡 𝑐−𝑏−1(1 − 𝑥𝑡)−𝑎𝑑𝑡

1

0

 

Or 

F  𝑎, 𝑏; 𝑐; 𝑥 =
1

B b, c − b 
  𝑡𝑏−1 1 − 𝑡 𝑐−𝑏−1(1 − 𝑥𝑡)−𝑎𝑑𝑡

1

0

    𝑖𝑓 𝑐 > 𝑏 > 0        

 

Recurrence Relations: 
 a − b F  𝑎, 𝑏; 𝑐; 𝑥 = 𝑎 F  𝑎 + 1, 𝑏; 𝑐; 𝑥 − 𝑏F  𝑎, 𝑏 + 1; 𝑐; 𝑥  

 

 

 

 



 

 

Question 1: Prove that  𝑃𝑛 (𝑥) = 12 F   −𝑛, 𝑛 + 1; 1;
1−𝑥

2
  

Solution: Using Rodrigue’s formula we have 

    𝑃𝑛 𝑥 =
1

𝑛 !2𝑛

𝑑𝑛

𝑑𝑥 𝑛
 𝑥2 − 1 𝑛  

                                              =
 −1 𝑛

𝑛 !2𝑛

𝑑𝑛

𝑑𝑥 𝑛
 1 − 𝑥2 𝑛  

                                                 =
 −1 𝑛

𝑛 !

𝑑𝑛

𝑑𝑥 𝑛   1 − 𝑥 𝑛  1+𝑥 𝑛

2𝑛   

                                            =
 −1 𝑛

𝑛 !

𝑑𝑛

𝑑𝑥 𝑛   1 − 𝑥 𝑛  1 −  
1−𝑥

2
  

𝑛

  

                                         =
 −1 𝑛

𝑛 !

𝑑𝑛

𝑑𝑥 𝑛
  1 − 𝑥 𝑛  1 − 𝑛  

1−𝑥

2
 +

𝑛(𝑛−1)

2!
 

1−𝑥

2
 

2

− ⋯ … … .    

                                        =
 −1 𝑛

𝑛 !

𝑑𝑛

𝑑𝑥 𝑛   1 − 𝑥 𝑛 −
𝑛

2
 1 − 𝑥 𝑛+1 +

𝑛(𝑛−1)

2!22
 1 − 𝑥 𝑛+2 −  

             =
 −1 𝑛

𝑛 !
  −1 𝑛   𝑛! −  −1 𝑛  𝑛+1 !

1!

𝑛

2
 1 − 𝑥 +  −1 𝑛  𝑛+2 !

2!

𝑛 𝑛−1 

2!22
 1 − 𝑥 2 − ⋯ … .   

∵
𝒅𝒏

𝒅𝒙𝒏
 𝒂 − 𝒃𝒙 𝒎 =  −𝟏 𝒏𝒃𝒏

𝒎

(𝒎 − 𝒏)!
 𝒂 − 𝒃𝒙 𝒎−𝒏 

                               =
 −1 2𝑛

𝑛 !
  𝑛! −

𝑛 !

1!

𝑛(𝑛+1)

2
 1 − 𝑥 +

𝑛 !

2!

𝑛 𝑛−1  𝑛+2 (𝑛+1)

2!22
 1 − 𝑥 2 − ⋯ … .   

                             =   1 +
−𝑛(𝑛+1)

1.1!

(1−𝑥)

2
+

−𝑛 −𝑛+1  𝑛+1 (𝑛+2)

1.2.2!
 

1−𝑥

2
 

2

− ⋯ … .   

                             = 12 F   −𝑛, 𝑛 + 1; 1;
1−𝑥

2
  

Hence            𝑃𝑛 (𝑥) = 12 F   −𝑛, 𝑛 + 1; 1;
1−𝑥

2
 . 

 

Question 2: Prove that 

(i)  𝐹  1, 𝑏; 𝑐; 𝑥 = (1 − 𝑥)−1 

(𝑖𝑖) loge 1 + 𝑥 = 𝑥 12 F   1,1; 2; −𝑥  

Solution: 

(i) By the definition we know that 



12 F   𝑎, 𝑏; 𝑐; 𝑥 =  
 𝑎 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

12 F   𝑎, 𝑏; 𝑐; 𝑥 = 1 +
𝑎𝑏

𝑐
 
𝑥

1!
+

𝑎(𝑎 + 1)𝑏(𝑏 + 1)

𝑐(𝑐 + 1)
 
𝑥2

2!
+ ⋯ … … 

Taking 𝑎 = 1, 𝑐 = 𝑏, we have  

𝐹 1, 𝑏; 𝑏; 𝑥 = 1 +
1. 𝑏

𝑏
 
𝑥

1!
+

1(1 + 1)𝑏(𝑏 + 1)

𝑏(𝑏 + 1)
 
𝑥2

2!
+ ⋯ … … 

= 1 +
(−1)

1!
(−𝑥) +

−1. −2

2!
(−𝑥)2 + ⋯ … … 

                                    = (1 − 𝑥)−1 

Hence         𝐹  1, 𝑏; 𝑐; 𝑥 = (1 − 𝑥)−1 

 

(ii) We know that the hypergeometric series will be 

12 F   𝑎, 𝑏; 𝑐; 𝑥 =  
 𝑎 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

12 F   𝑎, 𝑏; 𝑐; 𝑥 = 1 +
𝑎𝑏

𝑐
 
𝑥

1!
+

𝑎(𝑎 + 1)𝑏(𝑏 + 1)

𝑐(𝑐 + 1)
 
𝑥2

2!
+ ⋯ … … 

Taking 𝑎 = 1, 𝑏 = 1, 𝑐 = 2, 𝑎𝑛𝑑 𝑥 = −𝑥, we have  

12 F  1,1; 2; −𝑥 = 1 +
1.1

1
 
(−𝑥)

1!
+

1 1 + 1 . 1. (1 + 1)

2(2 + 1)
 
(−𝑥)2

2!
+ ⋯ … … 

Multiply by 𝑥 on both side 

𝑥 12 F  1,1; 2; −𝑥 = 𝑥 −
𝑥2

2
+ 

𝑥3

3
− ⋯ … … 

= loge 1 + 𝑥  

 

Hence    𝑥 12 F   1,1; 2; −𝑥 = loge 1 + 𝑥  

Question 3: Prove that  𝑃𝑛 (cosƟ) = cosn Ɵ 12 F   −
𝑛

2
, −

𝑛−1

2
; 1; −tan2 Ɵ  

Solution: Using Laplace first integral, we have  

𝑃𝑛 𝑥 =
1

𝜋 
  𝑥 ±  𝑥2 − 1 cos 𝜙   𝑛𝑑𝜙

𝜋

0

 

Taking 𝑥 = cosƟ  ⇒     𝑥2 − 1 = 𝑖 sinƟ . Also taking positive sign in the above integral. We 

get 



𝑃𝑛 𝑥 =
1

𝜋 
  cosƟ+ 𝑖 sinƟ cos 𝜙   𝑛𝑑𝜙

𝜋

0

 

=
cosn Ɵ

𝜋 
  1 + 𝑖 tanƟ cos 𝜙   𝑛𝑑𝜙

𝜋

0

 

Using Binomial expansion  

𝑃𝑛 𝑥 =
cosn Ɵ

𝜋 
  1 + 𝑛 𝑖 tanƟ cos 𝜙 +

𝑛(𝑛 − 1)

2!
   𝑖 tanƟ cos 𝜙 2 … … …  𝑑𝜙

𝜋

0

 

=
cosn Ɵ

𝜋 
  1 𝑑𝜙

𝜋

0

+ 𝑛 𝑖 tanƟ  cos 𝜙 𝑑𝜙

𝜋

0

+
𝑛(𝑛 − 1)

2!
   𝑖 tanƟ  2    cos 𝜙 2𝑑𝜙

𝜋

0

… …   

=
cosn Ɵ

𝜋 
 𝜋 + 𝑛 𝑖 tanƟ.  0 −

𝑛(𝑛 − 1)

2!
   tanƟ  2  

𝜋

2
 + ⋯ …   

= cosn Ɵ 1 +
 −

𝑛
2  −

𝑛 − 1
2  

1
  −

𝑡𝑎𝑛2Ɵ

1!
 + ⋯ …   

= cosn Ɵ 12 F   −
𝑛

2
, −

𝑛 − 1

2
; 1; −tan2 Ɵ  

Hence             𝑃𝑛 (cosƟ) = cosn Ɵ 12 F   −
𝑛

2
, −

𝑛−1

2
; 1; −tan2 Ɵ . 

 

Question 4: If    𝑥 < 1  𝑎𝑛𝑑    
𝑥

1−𝑥
 < 1, then show that 

 

12 F   𝑎, 𝑏; 𝑐; 𝑥 = (1 − x)−a  12 F  𝑎, 𝑐 − 𝑏; 𝑐;
−𝑥

1 − 𝑥
  

Solution: The Integral representation of hypergeometric function will be 

 12 F  𝑎, 𝑏; 𝑐; 𝑥 =
Γ𝑐

Γ𝑏Γ(𝑐−𝑏)
  𝑡𝑏−1 1 − 𝑡 𝑐−𝑏−1(1 − 𝑥𝑡)−𝑎𝑑𝑡

1

0
                 (1) 

 

Put 1 − 𝑡 = 𝑧 ⇒   𝑑𝑡 = −𝑑𝑧    

12 F  𝑎, 𝑏; 𝑐; 𝑥 =
Γ𝑐

Γ𝑏Γ(𝑐 − 𝑏)
   1 − 𝑧 𝑏−1𝑧𝑐−𝑏−1(1 − 𝑥 + 𝑥𝑧)−𝑎(−𝑑𝑧)

0

1

 

=
Γ𝑐(1−𝑥)−𝑎

Γ𝑏Γ(𝑐−𝑏)
   1 − 𝑧 𝑏−1𝑧𝑐−𝑏−1  1 +

𝑥𝑧

1−𝑥
 

−𝑎

𝑑𝑧
1

0
                           (2) 

Also if we take 𝑏 = 𝑐 − 𝑏 𝑎𝑛𝑑 𝑥 =  
−𝑥

1−𝑥
    in Eq.(1), we have  

12 F  𝑎, 𝑐 − 𝑏; 𝑐;
−𝑥

1 − 𝑥
 =

Γ𝑐

Γ(𝑐 − 𝑏)Γ𝑏
  (1−𝑡)𝑏−1𝑡𝑐−𝑏−1  1 +

𝑥𝑡

1 − 𝑥
 

−𝑎

𝑑𝑡
1

0

 



 

12 F  𝑎, 𝑐 − 𝑏; 𝑐;
−𝑥

1−𝑥
 =

Γ𝑐

Γ(𝑐−𝑏)Γ𝑏
  (1−𝑧)𝑏−1𝑧𝑐−𝑏−1  1 +

𝑥𝑧

1−𝑥
 

−𝑎

𝑑𝑧
1

0
                     (3) 

From  Eq.(2) and (3), we have 

12 F  𝑎, 𝑏; 𝑐; 𝑥 = (1 − 𝑥)−𝑎
12 F  𝑎, 𝑐 − 𝑏; 𝑐;

−𝑥

1 − 𝑥
  

Hence  

𝐹 𝑎, 𝑏; 𝑐; 𝑥 = (1 − 𝑥)−𝑎𝐹  𝑎, 𝑐 − 𝑏; 𝑐;
−𝑥

1 − 𝑥
  

Question 5: Show that 

(i)      
12 F   

1

2
, 1;

3

2
; x2 =

1

2𝑥
𝑙𝑜𝑔  

1+𝑥

1−𝑥
     or     

1

2
tan−1 𝑥          𝑓𝑜𝑟  𝑥 < 1 

(ii)     lim𝑏→∞ 𝐹  1, 𝑏; 1;
𝑥

𝑏
  = ex          

Solution: 

 (i) We know that the hypergeometric series will be 

12 F   𝑎, 𝑏; 𝑐; 𝑥 =  
 𝑎 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

Replace  𝑎 =
1

2
, 𝑏 = 1, 𝑐 =

3

2
 , 𝑥 = x2   in above expression 

                                            
 

12 F   
1

2
, 1;

3

2
; x2 =  

 
1

2
 
𝑛
 1 𝑛

 
3

2
 
𝑛

 
𝑥2𝑛

 1 𝑛

∞
𝑛=0

                    as  1 𝑛 = 𝑛! 

=  
 

1
2 

𝑛

 
3
2 

𝑛

 𝑥2𝑛

∞

𝑛=0

 

=  

1
2 .

3
2 .

5
2 … . . (𝑛 −

1
2)

3
2 .

5
2 … . . (𝑛 −

1
2)(𝑛 +

1
2)

 𝑥2𝑛

∞

𝑛=0

 

=  
𝑥2𝑛

2𝑛 + 1

∞

𝑛=0

 

=
1

2𝑥
  (−1)𝑛+1

𝑥𝑛

𝑛
−  

𝑥𝑛

𝑛

∞

𝑛=1

∞

𝑛=0

  

=
1

2𝑥
 log(1 + 𝑥) − log(1 − 𝑥)  ,            𝑓𝑜𝑟  𝑥 < 1 

=
1

2𝑥
𝑙𝑜𝑔  

1 + 𝑥

1 − 𝑥
  



Hence                    
12 F   

1

2
, 1;

3

2
; x2 =

1

2𝑥
𝑙𝑜𝑔  

1+𝑥

1−𝑥
          𝑓𝑜𝑟  𝑥 < 1 

 

(ii) We know that the hypergeometric series will be 

12 F   𝑎, 𝑏; 𝑐; 𝑥 =  
 𝑎 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

Replace  𝑎 = 1, 𝑏 = 𝑏, 𝑐 = 1 , 𝑥 =
𝑥

𝑏
   in above expression 

12 F   1, 𝑏; 1;
𝑥

𝑏
 =  

 1 𝑛 𝑏 𝑛

 1 𝑛
 

1

𝑛!

∞

𝑛=0

 
𝑥

𝑏
 

𝑛
 

           

=  
 𝑏 𝑛

𝑛!
 

∞

𝑛=0

 
𝑥

𝑏
 

𝑛

 

= 1 +  
 𝑏 𝑛

𝑛!
 

∞

𝑛=1

 
𝑥

𝑏
 

𝑛

 

= 1 +  
𝑏 𝑏 + 1  𝑏 + 2 … … (𝑏 + 𝑛 − 1)

𝑛!

 𝑥 𝑛

 𝑏 𝑛
 

∞

𝑛=1

 

𝐹  1, 𝑏; 1;
𝑥

𝑏
 = 1 +  1.  1 +

1

𝑏
  1 +

1

𝑏
  1 +

1

𝑏
 … . .  1 +

1

𝑏
  

∞

𝑛=1

𝑥𝑛

𝑛!
 

lim
𝑏→∞

𝐹  1, 𝑏; 1;
𝑥

𝑏
  = lim

𝑏→∞
 1 +  1.  1 +

1

𝑏
  1 +

1

𝑏
  1 +

1

𝑏
 … . .  1 +

1

𝑏
  

∞

𝑛=1

𝑥𝑛

𝑛!
  

lim
𝑏→∞

𝐹  1, 𝑏; 1;
𝑥

𝑏
  = 1 +   

∞

𝑛=1

𝑥𝑛

𝑛!
 

lim
𝑏→∞

𝐹  1, 𝑏; 1;
𝑥

𝑏
  =   

∞

𝑛=0

𝑥𝑛

𝑛!
= ex  

Hence                                  lim𝑏→∞ 𝐹  1, 𝑏; 1;
𝑥

𝑏
  = ex  

 

 

 

 

 

 



Theorem 1: Differentiation of hypergeometric functions:  

dn

dxn
  F  𝑎, 𝑏; 𝑐; 𝑥  =

(𝑎)𝑛(𝑏)𝑛

(𝑐)𝑛
 𝐹(𝑎 + 𝑛, 𝑏 + 𝑛; 𝑐 + 𝑛; 𝑥) 

                                     Also   
dn

dx n   F  𝑎, 𝑏; 𝑐; 𝑥   
x=0

=
(𝑎)𝑛 (𝑏)𝑛

(𝑐)𝑛
 

Proof: We know that the hypergeometric series will be 

12 F   𝑎, 𝑏; 𝑐; 𝑥 =  
 𝑎 𝑛  𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛 !
∞
𝑛=0

                                            (1) 

Differentiate w. r. t.  𝑥 on both side, we get 

d

dx
  F  𝑎, 𝑏; 𝑐; 𝑥  =  

 𝑎 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑛 𝑥𝑛−1

𝑛!

∞

𝑛=1

 

=  
 𝑎 𝑛 𝑏 𝑛

 𝑐 𝑛
 

 𝑥𝑛−1

(𝑛 − 1)!

∞

𝑛=1

 

Taking  𝑚 = 𝑛 − 1 

=  
 𝑎 𝑚+1 𝑏 𝑚+1

 𝑐 𝑚+1
 
 𝑥𝑚

𝑚!

∞

𝑚=0

 

Using  𝑎 𝑛+1 = 𝑎 𝑎 + 1 𝑛  etc 

=  
𝑎 𝑎 + 1 𝑚𝑏 𝑏 + 1 𝑚

𝑐 𝑐 + 1 𝑚
 
 𝑥𝑚

𝑚!

∞

𝑚=0

 

=
𝑎𝑏

𝑐
 

 𝑎 + 1 𝑚   𝑏 + 1 𝑚

 𝑐 + 1 𝑚
 
 𝑥𝑚

𝑚!

∞

𝑚=0

 

𝑑

𝑑𝑥
  F  𝑎, 𝑏; 𝑐; 𝑥  =

𝑎𝑏

𝑐
F  𝑎 + 1, 𝑏 + 1; 𝑐 + 1; 𝑥                                                 (2) 

which shows that the results is true for 𝑛 = 1. 

Let us suppose that the results is true for a particular value 𝑛 = 𝑚 then 

𝑑𝑚

𝑑𝑥 𝑚
  𝐹  𝑎, 𝑏; 𝑐; 𝑥  =

(𝑎)𝑚 (𝑏)𝑚

(𝑐)𝑚
 𝐹(𝑎 + 𝑚, 𝑏 + 𝑚; 𝑐 + 𝑚; 𝑥)                       (3) 

 Differentiate w. r. t.  𝑥 on both side, we get 

𝑑𝑚+1

𝑑𝑥𝑚+1
  𝐹  𝑎, 𝑏; 𝑐; 𝑥  =

 𝑎 𝑚 𝑏 𝑚

 𝑐 𝑚
 
𝑑

𝑑𝑥
𝐹 𝑎 + 𝑚, 𝑏 + 𝑚; 𝑐 + 𝑚; 𝑥  

=
(𝑎)𝑚 (𝑏)𝑚

(𝑐)𝑚

 𝑎+𝑚 (𝑏+𝑚)

(𝑐+𝑚)
 𝐹(𝑎 + 𝑚 + 1, 𝑏 + 𝑚 + 1; 𝑐 + 𝑚 + 1; 𝑥)        from (2) 

𝑑𝑚+1

𝑑𝑥𝑚+1
  𝐹  𝑎, 𝑏; 𝑐; 𝑥  =

(𝑎)𝑚+1(𝑏)𝑚+1

(𝑐)𝑚+1
 𝐹(𝑎 + 𝑚 + 1, 𝑏 + 𝑚 + 1; 𝑐 + 𝑚 + 1; 𝑥) 

Which shows that the result is true for 𝑛 = 𝑚 + 1 also. 



So by mathematical induction, we can say that it is true for every positive integral value of 𝑛. 

Hence    
dn

dx n   F  𝑎, 𝑏; 𝑐; 𝑥  =
(𝑎)𝑛 (𝑏)𝑛

(𝑐)𝑛
 𝐹(𝑎 + 𝑛, 𝑏 + 𝑛; 𝑐 + 𝑛; 𝑥) 

Put 𝑥 = 0 in above result, we get 

   
dn

dx n   F  𝑎, 𝑏; 𝑐; 𝑥   
x=0

=
(𝑎)𝑛 (𝑏)𝑛

(𝑐)𝑛
 

 

Theorem 2: Integral representation of hypergeometric function 

 F  𝑎, 𝑏; 𝑐; 𝑥 =
Γ𝑐

Γ𝑏Γ(𝑐 − 𝑏)
  𝑡𝑏−1 1 − 𝑡 𝑐−𝑏−1(1 − 𝑥𝑡)−𝑎𝑑𝑡

1

0

 

 

Proof: We know that the hypergeometric series will be 

𝐹 𝑎, 𝑏; 𝑐; 𝑥 =  
 𝑎 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

𝐹 𝑎, 𝑏; 𝑐; 𝑥 =   𝑎 𝑛

Γ(𝑏 + 𝑛)

Γ𝑏

Γ𝑐

Γ(c + n)
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

=
Γ𝑐

Γ𝑏Γ(c − b)
  𝑎 𝑛

Γ(b + n)Γ(c − b)

Γ[b +  c + n − b]
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

=
Γ𝑐

Γ𝑏Γ(c − b)
  𝑎 𝑛

Γ(b + n)Γ(c − b)

Γ[ b + n + (c − b]
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

=
Γ𝑐

Γ𝑏Γ(c − b)
  𝑎 𝑛𝐵{ 𝑏 + 𝑛 ,  𝑐 − 𝑏 } 

𝑥𝑛

𝑛!

∞

𝑛=0

 

=
Γ𝑐

Γ𝑏Γ(c − b)
  𝑎 𝑛   𝑡𝑏+𝑛−1 1 − 𝑡 𝑐−𝑏−1𝑑𝑡

1

0

  
𝑥𝑛

𝑛!

∞

𝑛=0

 

=
Γ𝑐

Γ𝑏Γ(c − b)
 𝑡𝑏−1 1 − 𝑡 𝑐−𝑏−1    𝑎 𝑛  

(𝑥𝑡)𝑛

𝑛!

∞

𝑛=0

 𝑑𝑡
1

0

 

Since   𝑎 𝑛  
(𝑥𝑡 )𝑛

𝑛 !
∞
𝑛=0 = (1 − 𝑥𝑡)−𝑎 , we get 

=
Γ𝑐

Γ𝑏Γ(c − b)
 𝑡𝑏−1 1 − 𝑡 𝑐−𝑏−1(1 − 𝑥𝑡)−𝑎𝑑𝑡

1

0

 

So we have  

F  𝑎, 𝑏; 𝑐; 𝑥 =
Γ𝑐

Γ𝑏Γ(𝑐 − 𝑏)
  𝑡𝑏−1 1 − 𝑡 𝑐−𝑏−1(1 − 𝑥𝑡)−𝑎𝑑𝑡

1

0

 



Theorem 3: Kummer’s relation  

F  𝑎; 𝑏; 𝑥 = 𝑒𝑥F  𝑏 − 𝑎; 𝑏; −𝑥  

Proof: We know that 

F  𝑎; 𝑏; 𝑥 =
Γ𝑏

Γ𝑏Γ(𝑏 − 𝑎)
   1 − 𝑡 𝑏−𝑎−1𝑡𝑎−1𝑒𝑥𝑡𝑑𝑡

1

0

 

Put 𝑎 = 𝑏 − 𝑎   𝑎𝑛𝑑 𝑥 = −𝑥  in above relation, we get 

F  𝑏 − 𝑎; 𝑏; −𝑥 =
Γ𝑏

Γ(𝑏 − 𝑎)Γ𝑎
   1 − 𝑡 𝑎−1𝑡𝑏−𝑎−1𝑒−𝑥𝑡𝑑𝑡

1

0

 

Taking  1 − 𝑡 = 𝑧,      𝑑𝑡 = −𝑑𝑧 , we have 

F  𝑏 − 𝑎; 𝑏; −𝑥 =
Γ𝑏

Γ(𝑏 − 𝑎)Γ𝑎
  𝑧𝑎−1 1 − 𝑧 𝑏−𝑎−1𝑒−𝑥 1−𝑧 (−𝑑𝑧)

0

1

 

=
Γ𝑏

Γ(𝑏 − 𝑎)Γ𝑎
  𝑧𝑎−1 1 − 𝑧 𝑏−𝑎−1𝑒−𝑥 1−𝑧 𝑑𝑧

1

0

 

=
Γ𝑏𝑒−𝑥

Γ(𝑏 − 𝑎)Γ𝑎
  𝑧𝑎−1 1 − 𝑧 𝑏−𝑎−1𝑒𝑥𝑧𝑑𝑧

1

0

 

= 𝑒−𝑥 .
Γ𝑏𝑒−𝑥

Γ(𝑏 − 𝑎)Γ𝑎
  𝑧𝑎−1 1 − 𝑧 𝑏−𝑎−1𝑒𝑥𝑧𝑑𝑧

1

0

 

F  𝑏 − 𝑎; 𝑏; −𝑥 = 𝑒−𝑥 . F  𝑎; 𝑏; 𝑥  

Hence  

F  𝑎; 𝑏; 𝑥 = 𝑒𝑥F  𝑏 − 𝑎; 𝑏; −𝑥  

 

Theorem 4: Contiguity relationship 

 a − b F  𝑎, 𝑏; 𝑐; 𝑥 = 𝑎 F  𝑎 + 1, 𝑏; 𝑐; 𝑥 − 𝑏F  𝑎, 𝑏 + 1; 𝑐; 𝑥  

Proof: The given expression in R.H.S is 

𝑎 F  𝑎 + 1, 𝑏; 𝑐; 𝑥 − 𝑏F  𝑎, 𝑏 + 1; 𝑐; 𝑥  

= 𝑎  
 𝑎 + 1 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

−  
 𝑎 𝑛 𝑏 + 1 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

=  
𝑎 𝑎 + 1 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

−  
 𝑎 𝑛𝑏 𝑏 + 1 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

But      𝑎 𝑎 + 1 𝑛 = (𝑎 + 𝑛) 𝑎 𝑛     𝑎𝑛𝑑    𝑏 𝑏 + 1 𝑛 = (𝑏 + 𝑛) 𝑏 𝑛 , then we have  

=  
(𝑎 + 𝑛) 𝑎 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

−  
 𝑎 𝑛(𝑏 + 𝑛) 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

 



=  [ 𝑎 + 𝑛 −  𝑏 + 𝑛 ]
 𝑎 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

= (𝑎 − 𝑏)  
 𝑎 𝑛 𝑏 𝑛

 𝑐 𝑛
 
𝑥𝑛

𝑛!

∞

𝑛=0

 

𝑎 F  𝑎 + 1, 𝑏; 𝑐; 𝑥 − 𝑏F  𝑎, 𝑏 + 1; 𝑐; 𝑥 =  a − b F  𝑎, 𝑏; 𝑐; 𝑥  

Hence  

 a − b F  𝑎, 𝑏; 𝑐; 𝑥 = 𝑎 F  𝑎 + 1, 𝑏; 𝑐; 𝑥 − 𝑏F  𝑎, 𝑏 + 1; 𝑐; 𝑥  


