Hypergeometric Function

Pochhammer Symbol: For a positive integer n, the Pochhammer Symbol is denoted

and defined by

(@), =ala+1)(a+2)(a+3)...... {fa+(n—-1)}
and (a), = 1.
(i) (@), = =1

(ii) (@)p+1 = ala + 1),
(iii) (a + n)(a), = (Wn+1

General Hypergeometric Function: The general hypergeometric function is

denoted and defined by

(a )T‘ ...... (am)r xr
an (aliaZI R Y b’ bz’ bn,x) - (21) (b ) F
r nJr ’

It is also denoted by

ai, ay, ... Apy;
mFo | b, by, by ; x]

Where

m — refers to number of parameters in numerator

n — refers to number of parameters in denominator.

Kummer’s function: For m = n = 1, the function is known as Kummer’s function or

confluent hypergeometric function, we have

(@), x"

(b), n!
N ax a(a+1)x* ala+1)(a+2)x3
Flabix) =1+ s+ 21 T b+ DB +2) 31

F (@ b;x) = F(a; b; x) =

Hypergeometric function: For m=2,n=1, the function is known as

hypergeometric function, we have

,F (a,b;c;x) =F(a,b;c;x) = %’%

ab x a(a+1)b(b+1) x?
F(a,b,c,x)—1+TE+ e+ D) 7




This is called as hypergeometric series.
F(a,b;c;x) = F(b,a;c;x)

This is symmetric property of hypergeometric function.
2
x(1—x) ‘;x—ﬁ +[c—(a+ b+ 1)x] Z—Z — aby = 0 is known as hypergeometric equation.
The general solution of this hypergeometric differential equation is given by
y=A,F (a,b;c;x)+Bx' ,F,(1—c+a,1—c+b;2—c;x)

where A, B are arbitrary constants.

Differentiation of hypergeometric functions:

d ab
— [F (a, b; c; x)] = F(a+1,b+1;c+ 1;x)

dx
d? (a)2(b)
o2 [F (a,b;c;x)] = W Fla+2,b+2;c+2;x)
d” (@ (b)y _ .
o [F (a,b;c;x)] = . F(a+nb+n;c+n;x)
d" e _ (@)n(b)n
Also [dxn [F (a, b; c; x)]L:O = a0

Inteqgral representation of hypergeometric function:

F(a b;c;x) = tP=1(1 - t)¢P71(1 — xt)~%dt

I'c Jl
I'bI'(c — b) J,
Or

1 1
F (a,b; c, X') = m f tb_l(]. - t)c_b_l(]. - xt)_adt lf c>b>0
, 0

Recurrence Relations:
(a=b)F(a,b;c;x) =aF(a+1,b;c;x) — bF (a,b + 1;c; x)




Question 1: Prove that B, (x) = ,F, (-n,n+1;1;

Solution: Using Rodrigue’s formula we have
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Hence P,(x) = ,F (—n,n +1; 1;1%).

Question 2: Prove that

(i) F(L,b;c;x) =(1—x)7t

(i) log. (1 + x) = x 271 (1,1;2; —x)
Solution:

(i) By the definition we know that
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R (@ bicix) = 2 (@)n(b)y x™

|
2", n
ab x a(a+ 1b(b+1) x?
bicix) =14 — = —
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Takinga = 1,c = b, we have

B 1.b x 11+ 1b(b+1) x?
FLbib) =145 v =G+ 2
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Hence F(Lbcx)=(1-x)"t

(if) We know that the hypergeometric series will be

F (@ bicix) = (@)n(b), x™

|
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Takinga =1,b = 1,c = 2,and x = —x, we have

1.1 (—x) 1(1+1).1.(1+1) (—x)? )

1,1;2;,—x) =1+ — S
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Multiply by x on both side
x%  x3
(L1 2—x) =X — —+ ——
x,F ( X)=x > + 3
=log.(1 + x)

Hence x ,F (1,1;2;—x)=log.(1 + x)
Question 3: Prove that P, (cosP= cos" OF, (—%, —nT_l; 1; —tan2§9

Solution: Using Laplace first integral, we have
P,(x) =if[x+ x2—1 cosq.’)] "de
n T L
0

Taking x = cos©=> Vx2 — 1 = i sin ©Also taking positive sign in the above integral. We
get



T

P,(x) = nif[cos @ i sin€os ¢] "de
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Using Binomial expansion
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Hence B, (cos = cos" OF, (—%, - nT; 1; —tan? 93

Question 4: If |x| <1 and |£| < 1, then show that

—X
. e j— — —a —_ . e
2Fl (a,b,c,X)—(l X) gFl (a,C b,C,l_x)

Solution: The Integral representation of hypergeometric function will be

f tP=1(1 - )¢P71(1 — xt)~%dt

2Filabicx) = m(

Putl—t=2z = dt=-dz
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Alsoifwetake b =c—band x = % in Eq.(1), we have
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lc 1o Nb=1,c—b—1 xz \7°
2F1( —bic 1 x) I'(c—b)Th fo (1-2)°7"z° (1 + 1—x) dz
From Eq.(2) and (3), we have

F(a,b;c;x) =(1—x)"%,F (a c—b;c; —x)
21 y My by 21 ) ] rl_x

Hence

—a — . . _x
F(a,b;c;x) = (1 —x) F(a,c b,c,l_x)

Question 5: Show that

(1 ,F (%1% x2) :%log (?t) or %tan_lx for|x| <1
(i) T F (Lb;15) =

Solution:

(1) We know that the hypergeometric series will be

n=0 n !

1 3 . .
Replace a = bh=1lc=7,x= x% in above expression

1 E 2\ _ Voo
2Py (2’1'2’X)_ n=0 (g) Dy
o (1
_Z(z)n
- 3
=(3),
o0 135 1
Yy 22T S L
35 1
n:oi.i. (n—z)(n+2)

= ix [log(1 + x) — log(1 — x)], for x| <1
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Hence ,F G,l;g;xz) = —l og (Hi) for |x| <1

(if) We know that the hypergeometric series will be

O (@n(B)n X"

,F (a,b;c;x) = W "

n=0

Replace a=1,b=b,c =1, x =% in above expression
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Theorem 1: Differentiation of hypergeometric functions:

d" a),(b),
e [F (a,b; c; x)] =%F(a+n,b+n;c+n;x)
Also [ [F(abcx)]] ONON
dxn o (©n

Proof: We know that the hypergeometric series will be

. v (@n)y x" 1
,F (a,b;c;x) =X0o o (1)

Differentiate w. r. t. x on both side, we get

- (@), (b), nxm !

() n!

d
I [F (a,b; c; x)] =

RO
B (C)n (Tl—l)!

n=1
Taking m=n-—1

(a)m+1 (b)m+1 x™
(C)m+1 m!

m=0

Using (a),,+1 = a(a + 1), etc

> ala+1),b(b+1), x™
Z c(c+1), m!

m=0

b (a+1), (b+1), x™

Cc (c+ 1), m!
m=0

%[F(a,b;c;x)]=%F(a+1,b+1;c+1;x) )

which shows that the results is true forn = 1.

Let us suppose that the results is true for a particular value n = m then

[F (a,b;c;x)] = (a)(’")(b)m F(a+m,b+m;c+m;x) (3)
Differentiate w. r. t. x on both side, we get
dm+1 (@mD)m b m
[F (a,b;c;x)] = (@)n () —F( +m,b+m;c+m;x)

dx gom+1 ( )m dx

= (a)(’:)(b)m (“lei(b;m) Fla+m+1,b+m+1,c+m+1;x) from (2)

qm+ (@t (DIt
goni [F@bici)] ===

Which shows that the result is true for n = m + 1 also.

Fla+m+1,b+m+1;c+m+1;x)




So by mathematical induction, we can say that it is true for every positive integral value of n.

ddn [F (a,b;c;x)] = (a)(”)(b)” F(a+nb+n;c+n;x)

Put x = 0 in above result, we get

Hence

dr (@ (B)n
F(a,b;c; ] =
- [F(a,b;c;x)] T o

Theorem 2: Integral representation of hypergeometric function

T'c 1
. - - b—1 _ +\c—b-1 _ —-a
F(a,b;c;x) TbI(c = b) fo t"(1-1) (1 —xt) *dt

Proof: We know that the hypergeometric series will be

F(a,b; c; x) =ZM£
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Since Y50 (a), (";)n = (1 —xt)™%, we get

!

__ e fltb—l(l — )71 — xt)"%dt
TbI'(c—b) J,

So we have

F(a,b;c;x) = Ie fltb‘l(l )¢ b=1(1 — xt)"%dt
©OEGE) = Fhre—b) J, (1=x0)



Theorem 3: Kummer’s relation

F(a;b;x) = e*F (b —a; b; —x)
Proof: We know that

1
v he- - - _ f\b—a—1ra—-1_xt
F (a; b; x) TbI(h — @) j;) (1-19 t*te*tdt
Puta =b —a and x = —x in above relation, we get
1
F(bh— s— — 1—t a—1sb—a—-1_—xt
(b—a;b; —x) —F(b—a)Faj;)( )t e *tdt

Taking 1 —t =12  dt =—dz,we have

I'b 0
F (b — a; b; _x) - - ] Za—l(l _ Z)b—a—le—x(l—z)(_dz)
I'b—a)l'a J;
1
_ = rba)ra j- Za—l(l _ Z)b—a—le—x(l—z)dz
- 0
I'be™ 1
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F(b—a;b;—x) =e *.F(a;b;x)
Hence

F(a;b;x) =e*F(b—a;b; —x)

Theorem 4: Contiguity relationship

(a=—b)F(a,b;c;x) =aF(a+1,b;c;x) —bF (a,b+1;c;x)
Proof: The given expression in R.H.S is

aF(a+1 b;c;x) — bF (a,b + 1;¢; x)

R SICE: Dn(b)y x* (@)n(b+1), x
LT O, Z ©,

o ala+ D,(b), a7 (@,b(b+ 1), x"
B Z (©)n nl ; (O n!

and b(b+ 1), = (b +n)(b),, then we have
_ N @+ n@, ), ¥ Z @b+ m)(B) x"
n=0 (C)n (C)n

n!

n=0

But a(a+1), =(a+n)(a),




RN (@)n (D), X"
= ;[(a +m) = (b m) =

—@ny (@a(B) X"
n=0

(c)n n!

aF(a+1,b;c;x)—bF(a,b+ 1;¢c;x) = (@a—b)F (a,b;c; x)
Hence
(a=b)F(a,b;c;x) =aF(a+1,b;c;x) —bF (a,b+ 1;c; x)



